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ABSTRACT
Fuzzy dark matter of ultra-light axions has gained attention, largely in light of the
galactic scale problems associated with cold dark matter. But the large de Broglie
wavelength, believed to possibly alleviate these problems, also leads to fluctuations
that place constraints on ultra-light axions. We adapt and extend a method, previously
devised to describe the effect of gaseous fluctuations on cold dark matter cusps, in order
to determine the effects of such fluctuations on classical test particles. We first evaluate
the effect of fluctuations in a statistically homogeneous medium of classical particles,
then in a similar system of ultra light axions. In the first case, one recovers the classical
two body relaxation time, and associated diffusion coefficients, from white noise density
fluctuations. In the second situation, the fluctuations are not born of discreteness noise
but from the finite de Broglie wavelength; correlation therefore exists over this scale,
while white noise is retained on larger scales. The resulting density power spectra and
correlation functions are compared with those inferred from numerical simulations, and
the relaxation time arising from the related potential fluctuations is evaluated. We then
apply our results to estimate the heating of disks embedded in axion dark haloes. We
find that this implies an axion mass m>∼ 2× 10−22eV. We finally apply our model to
the case of the central cluster of Eridanus II, confirming that far stronger constraints
on m may in principle be obtained, and discussing the limitations associated with the
assumptions leading to these.
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1 INTRODUCTION
The cold dark matter based scenario has developed into
a highly successful model of structure formation (Frenk
& White 2012). The weakly interacting massive particles
(WIMPs) at the core of this scenario can be produced with
the right abundance, and a cross section of the order ex-
pected of standard weak interaction, from an early ther-
mal equilibrium in the radiation era. Yet, extensive direct
search experiments and collider searches have significantly
constrained the expected (mass and cross section) parame-
ter space for such particles (Roszkowski et al. 2018; Boveia
& Doglioni 2018; Arcadi et al. 2018). In addition, from the
astrophysical viewpoint, WIMP-based virialized structures
suffer from several ’small scale’ problems; such as the cusp-
core problem, the ’too big to fail’ problem and the overabun-
? E-mail: amr.elzant@bue.edu.eg
dance of subhaloes (Del Popolo & Le Delliou 2017; Bullock
& Boylan-Kolchin 2017, for recent reviews).
There are proposed solutions to such (very possibly re-
lated) problems in terms of baryonic physics. For example
through dynamical friction mediated coupling with bary-
onic clumps (El-Zant et al. 2001, 2004; Tonini et al. 2006;
Romano-Dı´az et al. 2008; Goerdt et al. 2010; Cole et al. 2011;
Del Popolo et al. 2014; Nipoti & Binney 2015), or through
gas fluctuations arising from star formation or active galac-
tic nuclei (Read & Gilmore 2005; Mashchenko et al. 2006,
2008; Peirani et al. 2008; Pontzen & Governato 2012; Gov-
ernato et al. 2012; Zolotov et al. 2012; Martizzi et al. 2013;
Teyssier et al. 2013; Pontzen & Governato 2014; Madau et al.
2014; Ogiya & Mori 2014; Freundlich et al. 2019). Recently,
El-Zant et al. (2016) developed a stochastic model for such
fluctuations and their effect on the cold dark matter halo
cusp, in an attempt to understand the mechanism of cen-
tral halo ’heating’ and core formation from first principles.
c© 2018 The Authors
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In the present study, we find that it has wider applications,
particularly concerning potentially observable dynamical ef-
fects of the fuzzy dark matter (FDM) composed of ultralight
axions.
Ultra light axions, with boson mass ∼ 10−22eV, have
long been considered as dark matter candidates (e.g., Good-
man 2000; Hu et al. 2000; Destri et al. 2013; Schive et al.
2014b; Marsh & Silk 2014; Chavanis et al. 2015; Hui et al.
2017; Chavanis 2018; Nori et al. 2019). The long de Broglie
wavelength associated with their tiny mass results in ’fuzzi-
ness’ in their position that implies finite density Bose-
condensate halo cores, instead of cusps, and the dissolution
of smaller subhaloes. The field associated with such axions
may also play a role in sourcing inflation or late dark energy,
and non-thermal production implies that they can come with
the right abundance and dynamically behave as WIMPs on
larger scales despite their small mass (Marsh 2016, 2017). In
this context, light axion FDM have recently gained ground
as viable contenders in light of complications facing the
WIMP-based paradigm, namely as an alternative to the
baryonic solutions to galactic scale problems from within
the CDM scenario. They are one of several particle physics
based proposals, including warm dark matter (e.g., Col´ın
et al. 2000; Bode et al. 2001; Schneider et al. 2012; Mac-
cio` et al. 2012; Shao et al. 2013; Lovell et al. 2014; El-Zant
et al. 2015) and self-interacting dark matter (e.g., Spergel
& Steinhardt 2000; Burkert 2000; Kochanek & White 2000;
Miralda-Escude´ 2002; Peter et al. 2013; Zavala et al. 2013;
Elbert et al. 2015).
Although the large de Broglie wavelength associated
with the ultra-light halo bosons can in principle help solve
the core/cusp and potentially associated small scale prob-
lems, it is not clear if the scaling of core radii with mass in-
ferred from simulations can be made to agree with observed
scalings (Bar et al. 2019; Deng et al. 2018; Safarzadeh &
Spergel 2019; Robles et al. 2019), and there are additional
constraints regarding the particle mass arising from Lyman-
α and 21 cm observations (e.g., Kobayashi et al. 2017; Nebrin
et al. 2018; Lidz & Hui 2018) and recently from environment
around supermassive black holes (e.g., Davoudiasl & Denton
2019; Bar et al. 2019; Desjacques & Nusser 2019; Davies &
Mocz 2019).
A large de Broglie wavelength also leads to reduction
of bound substructure, in apparent agreement with obser-
vations. But as bound substructure is replaced by broad
interference patterns (e.g., Schive et al. 2014a), this is
accompanied by density fluctuations that may lead to ob-
servable effects on the baryonic components of galaxies and
place constraints on the masses of FDM particles (Hui et al.
2017; Bar-Or et al. 2019; Amorisco & Loeb 2018; Marsh &
Niemeyer 2018 Church et al. 2018). This leads to the follow-
ing conundrum. For FDM to be effective in solving the small
scale problems of CDM, the de Broglie wavelength must be
of the order of the scales at which the problems appear (i.e.,
kpc scale); the masses of the axions must therefore be small
enough for their wavelength to reach such scales. But then
the associated fluctuations are large, and a delicate balance
seems required in order to solve the galactic scale problems
of CDM and at the same time not overproduce fluctuations
(and avoid unobserved consequences on the baryonic com-
ponents of galaxies). In other words, sufficiently suppressing
such fluctuations may imply axion masses that are too large
to solve the small scale problems of the WIMP based struc-
ture formation scenario.
The density fluctuations give rise to potential fluctua-
tions, much in the same manner as the gaseous fluctuations
studied in El-Zant et al. (2016). Here, we make use of this
fact in order to study their effect on the stellar dynamics of
galaxies with the aforementioned problem in mind. In this
context, we adopt and extend the methods outlined there
to physically quite distinct, but formally related, contexts:
first to derive the standard two body relaxation time, by
assuming delta correlated density fluctuations (Section 2);
then to estimate the density and force fluctuations in FDM
haloes, and to calculate the associated correlation functions
and relaxation time of a classical test particle subject to
FDM halo fluctuations, pointing out differences and similar-
ities with classical two body relaxation due to discreteness
(white) noise (Section 3); and finally, as an application, to es-
timate the effect of fluctuations of an FDM halo on the Milky
Way disk in light of recent observations of the stellar velocity
dispersion, putting constraints on the minimal mass of plau-
sible FDM particles (Section 4). In Section 4.3 we compare
the resulting constraints to those from other work. In that
section, we also discuss the predictions of our present model
regarding the expansion of the central star cluster of the
dwarf galaxy Eridanus II, as studied in Marsh & Niemeyer
(2018) by adopting the original formulation of El-Zant et al.
(2016). The technical details associated with that discussion
are given in Appendix F. Section 5 summarizes our results
and outlines related conclusions.
2 WHITE NOISE AND TWO BODY
RELAXATION
We start by considering how the basic theoretical setup in-
troduced in El-Zant et al. (2016) can be directly applied to
derive the standard two body relaxation time for the case of
a test star moving through an infinite system of randomly
distributed ’field stars’ (point particles), of average spatial
mass density ρ0.
As in the aforementioned work, we Fourier expand the
potential Φ and density contrast δ = ρ(r)
ρ0
− 1, so that
Φ(r, t) =
V
(2pi)3
∫
Φk(t)e
ik.rdk, (1)
and
δ(r, t) =
V
(2pi)3
∫
δk(t)e
ik.rdk. (2)
Here the volume V , previously taken to be much larger than
the largest fluctuation scales, should be understood to be ar-
bitrarily large when white noise is considered (as we will see
below, the largest relevant fluctuation scales are then effec-
tively determined by the argument of a Coulomb logarithm).
We note at the outset that this formulation already in-
corporates a form of the ’Jean’s swindle’, whereby the poten-
tial Φ is considered to be solely due to fluctuations around
the average mass density in an infinite medium that tends to
homogeneity on larger scales (e.g., Binney & Tremaine 2008;
Bar-Or et al. 2019). However, as opposed to the standard
Jeans swindle, it is not used to calculate the self-gravity of
MNRAS 000, 1–18 (2018)
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the fluctuations but their gravitational effects on a test par-
ticle, while neglecting their own self-gravity. It therefore in-
corporates the analogous ’Chandrasekhar swindle’, implicit
in the derivation of the standard two body relaxation time,
which evaluates the effect of finite-N fluctuations in an in-
finite statistically homogeneous medium with no mean field
contribution.
In El-Zant et al. (2016) the Φ and δ were initially
assumed to be time independent. The time dependence
was then introduced through the sweeping ansatz used and
tested in turbulence theory, whereby small scale fluctua-
tions are ’swept’ — that is passively advected — by large
scale velocity fields, which can either represent mean bulk
flows (Taylor 1938) or random large scale flows characterized
by a velcity dispersion (Kraichnan 1964; Tennekes 1975).
The effective assumption in El-Zant et al. (2016) was that
all modes are transported by the same sweeping velocity.
The model is however easy to generalize to the case when
each mode travels with its own velocity, drawn from a given
distribution (e.g., Wilczek & Narita 2012; Wilczek et al.
2014). Here we generalize this sweeping hypothesis to the
transport of density fluctuations, focusing on classical point
particles and FDM systems.
We define a two time density fluctuation power spec-
trum that is given through the ensemble average
P(k, t, t′) = V 〈δk(t)δ∗k(t′)〉. (3)
For a stationary stochastic process the time dependence
manifests itself solely in terms of τ = t− t′, for all t′, reflect-
ing homogeneity in time. This is the case we assume here,
setting t′ = 0 without loss of generality. In particular the
equal time power spectrum is
P(k, 0) = V 〈|δk(0)|2〉. (4)
The components Φk(t) and δk(t) are related via the
Poisson equation ∇2Φ = 4piGρ0δ, through
Φk(t) = −4piGρ0δk(t)k−2, (5)
where k = |k|. For a configuration that is isotropic on large
scales, the force power spectrum is related to the potential
fluctuations by
PF (k, t) = V k2〈Φk(0)Φk(t)〉 = (4piGρ0)2k−2P(k, t). (6)
For a system that is homogeneous on large scales, the force
correlation function, which is the inverse Fourier transform
of the force power spectrum, is given by
〈F(0, 0).F(r, t)〉 = 1
(2pi)3
∫
PF (k, t)eik.rdk
=
1
(2pi)3
∫
PF (k, t) sin(kr)
kr
4pik2dk. (7)
2.1 Fixed velocities
We start with the simplest case, in which all modes move
with the same velocity. This connects the sought after
derivation of the two body relaxation time to the situation
studied in El-Zant et al. (2016), where we assumed a spa-
tial (one time) power law spectrum of the form 〈|δk(0)|2〉 =
Ck−n, and introduced the time dependence through a con-
stant speed sweeping hypothesis. We do the same here, but
focus on the special case of a white noise density spectrum
(n = 0), appropriate of the expected spectrum of randomly
scattered point masses that we take to represent the ’field
stars’ through which a test particle moves. As in the case of
the standard derivation of the two body relaxation time, the
system of field particle point masses is assumed to be spa-
tially homogeneous, beyond the Poisson noise, and the test
particle’s unperturbed motion is rectilinear with constant
velocity vp.
In this case, and introducing maximum and minimal
cutoff scales, the spatial force correlation function can be
written as
〈F(0, 0).F(r, 0)〉 = D
r
∫ kx
km
sin(kr)
k
dk
=
D
r
[Si(kxr)− Si(kmr)] (8)
where D = 8(Gρ0)
2P(k, 0) and Si refers to the sine integral
function. For a white noise power spectrum, P(k, 0) is indeed
constant. The force correlation function can in principle be
inserted into the stochastic equation (e.g., Osterbrock 1952;
El-Zant et al. 2016)
〈(∆vp)2〉 = 2
∫ T
0
(T − t)〈F(0).F(t)〉dt, (9)
in order to obtain the velocity variance that the test par-
ticle acquires as a result of its motion through fluctuating
potential of the randomly distributed field particles.
To do this, one has to transform the spatial correlation
function into one involving time. In this regard, it is im-
portant to note that F(t) refers to the force at time t on
a test particle, and is thus evaluated along a particle tra-
jectory. As the field is time dependent and the test particle
also moves, in fixed (Eulerian) coordinates the relevant force
entering into equation(9) is F = F(rp, t), where rp(t) refers
to the position of the particle at time t. This is assumed to
be along the unperturbed trajectory (a straight line).
In El-Zant et al. (2016) we incorporated both the time
dependence due to the motion of the test particle and the
evolution of the fluctuating field by assuming that that lat-
ter is ’swept’, moving with its statistical properties ’frozen
in’, with constant speed vr relative to the test particle.
It is then a simple matter to relate 〈F(0, 0).F(r, 0)〉 and
〈F(0).F(rp, t)〉. In the current context, this is equivalent to
assuming that the field stars have negligible velocity disper-
sion and common velocity vf = vr + vp, with vr being the
relative velocity. 1 In this case, along a particle trajectory,
the force correlation function is
〈F(0) . F(r = vrt)〉 = D
vrt
∫ kx
km
sin(kvrt)
k
dk
=
D
vrt
[Si(kxvrt)− Si(kmvrt)] . (10)
This may then be inserted into (9) to obtain the velocity
dispersion that the test particle acquires as a result of the
application of the stochastic force described by the described
correlation function:
〈(∆vp)2〉 = 2D
∫
(T − t)
vrt
[Si(kxvrt)− Si(kmvrt)] dt. (11)
1 In what follows we drop the subscript f in referring to the
field particle velocities while the test particle velocity will still be
denoted by vp.
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As the Sine integral function in this equation converge to pi/2
when kxvrt, kmvrt  1, in this diffusion limit the velocity
dispersion increase is dominated by the non-transient term
(involving T rather than −t in the bracket multiplying the
correlation function in 11). As detailed in Appendix A, one
then finds that
〈(∆vp)2〉 = piD
vr
T ln
kx
km
, (12)
which has the form of the standard two body relaxation time
if the maximal and minimal fluctuation scales are identified
with the maximal and minimal impact parameters of classi-
cal theory. For a system of field point particles of mass m,
randomly distributed with uncorrelated positions and aver-
age homogeneous density ρ0, the (equal time) spatial density
correlation function is
〈ρ(0, 0)ρ(r, 0)〉 = ρ20 〈δ(0, 0)δ(r, 0)〉 = mρ0δD(r), (13)
where δD refers to the Dirac delta function. The associated
power spectrum is simply
P(k, 0) = m
ρ0
. (14)
This implies that the density fluctuations of the white noise
are equally distributed among the modes such that 〈|δ|2〉 =
1/N , with N = ρ0V/m the number of particles within the
volume V , and D = 8G2mρ0. In this case
〈(∆vp)2〉 = 8piG
2ρ0m
vr
T ln Λ. (15)
where we have set Λ = kx
km
= λmax
λmin
, λmax and λmin being
the maximal and minimal fluctuation wavelengths. Assum-
ing that the test particle speed ∼ vr ∼ v, then the timescale
for the RMS perturbation to the velocity described by (12)
to reach a typical speed v is
tr =
v3
8piG2ρ0m ln Λ
, (16)
which is the standard formula for the two body relaxation
time.
2.2 Distribution of field particle velocities
So far we have assumed that all modes are ’swept’ by the
same constant velocity field, and by implication (in the case
of white noise density fluctuations) that all field particles
had the same velocity. It is possible however to extend the
sweeping picture to the case when each mode has its own ’ad-
vection’ velocity. In the current context this translates into
extending the formulation to include a velocity distribution
for the field particles. As each mode is passively advected
with velocity v, mass conservation requires that
i
∂ρk(t)
∂t
= k.v ρk(t), (17)
where ρk(t) = ρ0δk(t). This has for solution
ρk(t) = ρk(0)e
−ik.vt. (18)
Thus
〈ρk(0)ρ∗k′(t)〉 = ρ20〈δk(0)δ∗k′(t)〉 = ρ20〈eik
′.vtδk(0)δ
∗
k′(0)〉.
(19)
For a homogeneous (in both space and time) stochastic pro-
cess defined over an infinite spatial volume, equation (2)
implies that
V 2〈δk(0)δ∗k′(t)〉 = (2pi)3P(k, t)δD(k− k′), (20)
as the power spectrum is the Fourier transform of the spatial
correlation function.
The density correlation function takes a particularly
simple form if the density fluctuations are (at least initially)
uncorrelated with the velocities, that is, each mode can have
any velocity. This will be the case if there is no explicit dis-
persion dispersion relation tying v and k, which is the case
of classical particle systems, but not when the fluctuations
have quantum origin as discussed later. When no such cor-
relation exists, one can use equations (19) and (20) to derive
P(k, t) = P(k)〈e−ik.v t〉; (21)
where, again assuming a homogeneous process, we used
V 2〈δk(0)δ∗k′(0)〉 = (2pi)3P(k)δD(k−k′) and integrated over
the delta functions.
Assuming a mass normalized velocity distribution func-
tion f(v), such that
∫
f(v)dv = ρ0, this leads to
P(k, t) = P(k)
ρ0
∫
e−ik.v tf(v)dv. (22)
For the case of delta correlated white noise (of equation 13)
P(k, t) = m
ρ20
∫
e−ik.v tf(v)dv. (23)
Note that this leads to the same wavenumber-frequency
power spectrum Cˆ(k, ω) as given by equation (23) of Bar-Or
et al. (2019). Using equations (6) and (7) one can obtain the
force correlation function
〈F(0, 0).F(r, t)〉 = 8 G2m
∫
f(v)dv
∫
sin(k|r/t− v|t)
k|r/t− v|t dk,
(24)
which assumes an isotropic medium (but not necessarily
isotropic velocities). Using (9), this gives
〈(∆vp)2〉 =16G2m
∫
dv
f(v)
|vp−v|∫ T
0
(T−t)
t
[Si(kx|vp−v|t)− Si(km|vp−v|t)] dt,
(25)
where we set r = rp = vpt to represent the time variation
due to the test particle’s motion (as in standard two body
relaxation theory, this is rectilinear), with v representing
the motion of field particles. Proceeding as previously, while
deriving equation (12), we find that in the diffusion limit
— which here requires that km|vp − v|t  1 is reached for
all v — the test particle’s velocity dispersion increase, as it
moves through the fluctuating field, can be expressed as
〈(∆vp)2〉 = 8pimG2T ln
(
kx
km
)∫
dv
f(v)
|vp − v| . (26)
This reduces to (12) if f(v) = ρ0δD(vf − v), in which case
the relaxation time is given by (16).
Finally, note that the velocity dispersion derived thus,
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in the diffusion limit, is related to the trace of the diffusion
coefficient matrix by 〈(∆vp)2〉 = T∑i=j D[∆vi∆vj ]. The
individual diffusion coefficients Dij can also be obtained in
a similar manner (as detailed in Appendix B).
3 RELAXATION INDUCED BY
FLUCTUATING AXION SYSTEM
The same logic behind the derivations of the classical relax-
ation time, including the ’sweeping’ assumption used, can
be employed to determine the effect of a fluctuating FDM
axion field on a classical test particle, with some differences
arising from peculiarities connected to the quantum origin
of the evolution of the density fluctuations of the axion field.
As FDM axions are by definition ultra light (with
masses around 10−22eV), an enormously large number of
them is needed to constitute a dark matter halo (∼ 10100).
There is little question here of discreteness noise, the source
of classical relaxation discussed above, having much effect;
a mean field approximation is therefore warranted. For a
system of bosons of mass m, interacting only through grav-
ity, this leads to the Schro¨dinger-Poisson system (Ruffini &
Bonazzola 1969)
i~ ∂
∂t
ψ(r, t) = − ~
2
2m
∇2ψ(r, t) +m Φs(r, t)ψ(r, t), (27)
∇2Φs(r, t) = 4piG |ψ(r, t)|2, (28)
where Φs is the self consistent gravitational potential.
Since, for the system of bosons so described, there are
many particles in the same state, ψ behaves as a classical
field. The square of the norm of the wave function is directly
proportional to the number of particles around position vec-
tor r at time t, and if ψ is mass normalized (as assumed
above) then |ψ|2 is the mass density. This is stable when
observed, in the sense that it is not subject to issues such
as the collapse of the wave function. The quantum-origin of
the dynamics, arising from the large de Broglie wavelength,
manifests itself nevertheless through interference patterns
and fluctuations ubiquitous in numerical simulations of such
systems (e.g., Schive et al. 2014a). The role of ~ is to set an
effective spatial (and mass) scale for the fluctuations, given
axion masses m and speeds v (and mean density ρ0). It is
the effect of those fluctuations on a classical particle that
is to be modelled using the methods developed above for
discreteness noise.
To mimic the derivation of the two body relaxation
time, we again assume an infinite homogeneous medium,
while neglecting self gravity of the axion field. In other words
we invoke the ’Jeans-Chandrasekhar swindle’ (see discussion
in paragraph following equations (1) and (2)). We do this by
first setting Φs = 0 in equation (27). To describe the effect
of fluctuations, in this context, we replace Φs in (28) with
Φ(r, t) = Φs(r, t) − 〈Φs(r, t)〉. In this case one can analyze
the density and potential fluctuations as in equations (1) and
(2), and they will still be related by (5). As this neglects the
self-gravity of the fluctuations, they must be much smaller
than the Jeans length, which is of the order of the physical
size in an actual inhomogeneous system. For the swindle to
be valid therefore the de Broglie wavelength must be signif-
icantly smaller than the size of the system.
Conservation still requires that the classical density
modes ρk be ’swept’ according to equation (18). This is the
case if
φk(t) = φk(0)e
−ik.vt. (29)
For, if
ρ(r, t) = ψ(r, t)ψ∗(r, t) =
∫
φk(t)φ
∗
k
′ (t)ei(k−k
′
).rdkdk
′
,
(30)
and
ρk(t) =
∫
ψψ∗eik.rdr =
∫
φk′ (t)φ
∗
k
′−k(t)dk
′
. (31)
Then
ρk(t) = e
−ik.vt
∫
φ
′
k(0)φ
∗
k−k′ (0)dk
′
= ρk(0)e
−ik.vt. (32)
On the other hand the free field Schro¨dinger equation for
the axion system,
i~ ∂
∂t
ψ = − ~
2
2m
∇2ψ, (33)
has a solution that can be Fourier expanded as
ψ(r, t) =
∫
φke
ik.r−ωtdk. (34)
This can be rewritten as
ψ(r, t) =
∫
φk(t)e
ik.r dk, (35)
with φk(t) given by (29), provided k.v = ω. That is, if each
mode is swept by its phase velocity. As the solution (34)
requires that
ω =
~k2
2m
, (36)
the group velocity dω
dk
= ~k
m
of a de Broglie wave packet is
double the phase velocity.
In this way the dynamics of the free axion system and
its effect on the motion of a classical test particle can be
completely described by invoking the sweeping assumptions
of the previous sections and proceeding analogously. Note
however an important difference. In the classical point par-
ticle case, a mode k could be swept by any velocity v, since v
was independent of k. This is not the case here since the ve-
locities are directly dependent on the wave numbers through
the nonlinear dispersion relation (36).
3.1 Force correlation function and induced
velocity variance
In the context just set, the density contrast power spectrum
can be written as
P(k, t)= (2pi)
3
ρ20
∫
dv1dv2f(v1)f(v2)δD(k−m~vd)e−im~(vc.vd)t,
(37)
where
m~ = 2m/~, (38)
vi = ~ki/m and vc and vd correspond to the sum and dif-
ferences of the phase velocities of interfering waves; such
MNRAS 000, 1–18 (2018)
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that 2vc = v1 + v2, and 2vd = v1 − v2, as detailed in Ap-
pendix C. The above expression assumes that 〈φk〉 = 0,
〈φkφ∗k′ 〉 = fk(k)δD(k − k
′
). The φk are thus modes of
a complex Gaussian random field. This is consistent with
our assumption that the density field is a homogeneous,
stationary Gaussian random field, completely characterized
by a power spectrum and two point correlation function,
with the stochastic dynamics determined by the force two
point correlation function (equation 9; see also El-Zant et al.
2016). Physically, this may also be justified if the waves are
thought to arrive at the test particle location from large
distances and different directions with random phases (cf.
Bar-Or et al. 2019), which is consistent with the random
mode sweeping hypothesis. Furthermore, we assume that
fk(k)dk = f(v)dv, and the distribution functions are mass
normalised such that
∫
f(v)dv =
∫
fk(k)dk = ρ0.
The equal time, spatial power spectra are thus
P(k, 0) = (2pi)
3
ρ20
∫
dv1dv2f(v1)f(v2)δD(k−m~vd)
=
(4pi)3
m3~ρ
2
0
∫
dvcf(vc + k/m~)f(vc − k/m~). (39)
These will be used below, along with the dispersion rela-
tion (36) to roughly estimate the random force on a test
particle due to fluctuations emanating from an FDM halo.
The force correlation function resulting from Eq. (37)
is given by
〈F(0, 0).F(r,t)〉 =(
4piG
m~
)2∫
eim~(vd.r−vc.vdt)
v2d
f(v1)f(v2)dv1dv2.
(40)
This integral is highly oscillatory for large vd and therefore
dominated by relatively small values of vd  vc; f(v1) and
f(v2) can thus be approximated as f(vc). This gives
〈F(0, 0).F(r, t)〉
(8pi)3G2m−2~
=
∫
f2(vc)dvc
∫
sin (m~vd|r/t− vc|t)
m~vd|r/t− vc|t dvd,
(41)
since the Jacobian associated to the change of variables
equals 8. This approximation effectively leads to a decor-
relation of density fluctuations and velocities as described
by equation (21). Even though this is not strictly the case
when the fluctuations have quantum origin, one can be fur-
ther correct for it in the choice of the Coulomb logarithm
appearing below.
As before, we then use equation (9) and assume a test
particle velocity vp (recall that the test particle is classical)
to obtain
〈(∆vp)2〉 = 2(8pi)3G2m−3~
∫
dvc
f2(vc)
|vp − vc|
∫ T
0
(T − t)
t
×
[Si (m~vdx|vp − vc|t)− Si (m~vdm|vp − vc|t)] dt.
(42)
In the diffusion limit this gives,
〈(∆vp)2〉 =
(
4pi
m~
)3
8piG2T ln Λ
∫
dvc
f2(vc)
|vp − vc| , (43)
where here
Λ =
vdx
vdm
, (44)
is a ratio of maximal and minimal speeds, related (inversely)
to associated wavelengths through the de Broglie relation.
We evaluate and further discuss this Coulomb logarithm in
specific cases in Appendix E.
If we introduce
meff =
(
4pi
m~
)3 ∫ f2(v)dv∫
f(v)dv
, (45)
where m~ is given by (38) and
feff(v) =
∫
f(v)dv∫
f2(v)dv
f2(v), (46)
then equation (43) acquires the same form as (26). The ef-
fective mass and distribution functions as found above are as
those in Bar-Or et al. (2019), where they enter into expres-
sions for the diffusion coefficients. Our derivation is different
in its incorporation and extension of the idea of the sweeping
of modes by a k-dependent velocity field from turbulent the-
ory, in order to obtain the space-time correlation function
and power spectrum; and in that it explicitly involves eval-
uation of the force fluctuations and associated correlation
function, with the diffusion limit taken as a final step.
Again, as in the case of classical particles, in that dif-
fusion limit, 〈(∆vp)2〉 = T∑i=j D[∆vi∆vj ]. Also, the indi-
vidual diffusion coefficients D[∆vi∆vj ] can be obtained as
outlined in Appendix B.
Note however that, as opposed to the situation with
equation (26), a delta function distribution in velocities does
not lead to an equation analogous to (16), for the growth
of velocity dispersion. In particular the effective mass di-
verges, reflecting the fact that perfect knowledge of the ve-
locity leads to absolute uncertainty in space.
3.2 From density to force fluctuations and
relaxation
In this section we compare power spectra and correlation
functions of density fluctuations calculated in the context
of the model just presented to published results from nu-
merical simulations. We also present estimates of the typ-
ical force fluctuations connected to the stochastic density
field thus characterized and rough estimates of the associ-
ated relaxation time of a classical test particle moving in the
fluctuating force field.
In order to compare with simulations we need to define
a density and velocity distribution. The assumption here —
as in applications of two body relaxation theory — is that
our calculations are locally valid for inhomogeneous systems
with local average density ρ0.
A realistic FDM halo is expected to follow the Navarro
et al. (1996) profile for radii significantly larger than the
typical de Broglie wavelength of the FDM; that is beyond
the solitonic core (Schive et al. 2014b). In turn, the NFW
profile can be well approximated in the intermediate radii r
around the maximal rotation speed (of order of the scale
length) by an isothermal profile ρ0 ∝ 1/r2 (Chan et al.
2018). Throughout this section we assume such a profile,
along with a Maxwellian velocity distribution. Our calcu-
lations are therefore strictly valid only at radii larger than
that of the solitonic core.
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Figure 1. Equal time dimensionless power spectra of density
fluctuations. The dotted lines represent (arbitrarily normalized)
power spectra inferred from numerical simulation, as presented in
Fig 4 (uppermost right hand panel) of Chan et al. (2018). They
correspond to power spectra taken within the soliton core rs, and
in bins 0 < r < 5rs, 5rs < r < 10rs and 10rs < r < 15rs.
The solid lines show best (least squares) fits using equations (48)
and (49).
3.2.1 Typical Density and mass fluctuations in axion
systems
Since, in the case of axion systems, the wave number and
velocity distributions are necessarily related, the fluctuation
power spectrum is determined by the velocity distribution. If
we assume a Maxwellian distribution with one dimensional
dispersion σ,
f(v) =
ρ0
(2piσ2)3/2
e
− v2
2σ2 , (47)
the equal time power spectrum given by equation (39) be-
comes (cf. Appendix D)
P(k, 0) =
(
2
√
pi
m~σ
)3
e
− k2
σ2m2~ . (48)
The dimensionless power spectrum
∆2(k) =
k3
2pi2
P(k), (49)
measures the contribution to the variance in density fluctu-
ations from logarithmic bins around wave number k.
In Fig. 1, we compare what is obtained from this for-
mula with the arbitrarily normalized power spectra from
numerical simulations of Chan et al. (2018), who isolated
dwarf sized FDM axion haloes from cosmological simula-
tions solving the Schro¨dinger-Poisson system (27 and 28)
self consistently. (The haloes were then evolved along with
classical particles representing a stellar distribution. The
relevant simulation results for us are those before this lat-
ter component is introduced.) As can be seen, the fits are
quite good, with some exceptions. Notably at high wavenum-
bers, inside the solitonic core, where our Maxwellian cutoff
at high wavenumber/velocities, appropriate for an isother-
mal sphere, may not be valid. Outside the core, the peaks
move only slightly and the fits indeed correspond to a nearly
0.0 0.5 1.0 1.5 2.0 2.5 3.0
t/( vir/vvir)
0.0
0.2
0.4
0.6
0.8
1.0
C(
t)
=
(0
,0
)
(0
,t
)
17.1rs
4.6rs
3.5rs
2.7rs
1.4rs
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
r/ vir
0.0
0.2
0.4
0.6
0.8
1.0
C(
r)
=
(0
,0
)
(r,
0)
z = 1.03
z = 1.23
z = 1.61
z = 2.14
Figure 2. Correlation functions of density fluctuations. The dot-
ted lines show correlation functions inferred from numerical sim-
ulations of Veltmaat et al. (2018) (their Fig. 8). The time correla-
tion functions (upper panel) are averaged over denoted multiples
of soliton core radii rs. The solid lines are best (least squares)
fits using equation (50). The lower panel shows the spatial cor-
relation function at different redshifts. In the case of the spatial
correlation functions, the fits take into account only points with
r/λvir ≤ 0.4. Here λvir = ~mvvir , where vvir is virial velocity. The
effective best fit λ to the spatial correlation function, obtained by
putting t = 0 in equation (50), range from λ = 0.36 to λ = 0.42
in units of λvir. The fits are therefore good up to a scale of order
of the effective fitting wavelength.
isothermal system. Our a priori assumption of an isothermal
system is thus approximately valid outside the core.
Again assuming the Maxwellian distribution of equa-
tion (47), and defining an associated wavelength λσ =
~/mσ = 2/m~σ the correlation function of the density con-
trast is found (by Fourier transforming 37, cf. Appendix D)
to be
〈δ(0, 0)δ(r, t)〉 = 1
(1 + σ2t2/λ2σ)3/2
e
− r
2/λ2σ
1+σ2t2/λ2σ . (50)
Note that 〈δ2(0, 0)〉 = 1; the density fluctuations on the
smallest scales are therefore of order unity. The variance
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Figure 3. Spatial correlation functions of simulated haloes, eval-
uated inside the virial radius and half that radius, with and with-
out subtracting the radially averaged halo background density
(simulation results kindly made available by Jan Veltmaat). The
corresponding best fits using equation (50) are also shown (dotted
lines). These are good up to the scales of order of the effective
fluctuation scales, and are better inside half the virial radius and
when the background density is subtracted. The long correlation
tail may reflect the finite size of the fluctuations, non-sphericity
of the background halo density, or a radially varying de Broglie
wavelength in a realistic halo. The effective wavelengths of the
fits (in units of of λvir =
~
mvvir
) are λσ = 0.69, 0.81 for correla-
tion functions evaluated inside the virial radius, with and without
background subtraction respectively, and λσ = 0.3, 0.5 inside half
the virial radius with and without subtraction respectively.
over all k in density fluctuation contrast, given by
〈δ2〉 = 1
(2pi)3
∫ kx
km
P(k)4pik2dk =
∫ kx
km
∆2(k)d ln k, (51)
also tends to unity as km → 0 and kx →∞.
Fits, using equation (50), to correlation functions pre-
sented by Veltmaat et al. (2018) (their figure 8) are shown
in Fig. 2. The numerical results of Veltmaat et al. (2018) are
based on cosmological simulations using a standard N -body
code for most of the simulation volume, with high resolution
zoom in at selected halo locations solving the Schro¨dinger-
Poisson system. Boundary conditions at the ‘Schro¨dinger do-
main’ are imposed via a wave function evolved according to
the Hamilton-Jacobi equation.
The fits to the time correlation functions inferred from
simulations are good, especially given that they depend on
a single parameter. The fits are again better at larger radii.
This may be expected, as in addition to our assumption of
Maxwellian velocities, the assumption that the fluctuation
modes are randomly ’swept’ and come with random phases
may not be quite valid at smaller radii.
More puzzling is the behaviour of the spatial correlation
function, which displays a weak decay tail at large separa-
tions. Jans Veltmaat was kind enough to provide correlation
functions up to larger scales, with and without radial back-
ground density subtracted (shown in Fig. 3). The results
are better fit by our model in the former case. Neverthe-
less, significant discrepancy remains at r >∼ 0.5λvir, that is
at 1 to 1.5 effective wavelengths defined by the best fitting
λσ (from equation 50 with t = 0). The correlation tail may
be explained if background density correlations remain after
the subtraction of the radial averaged density; e.g., because
the haloes are not in fact spherical. Indeed, the long tail
of the spatial correlation functions tend to mimic those of a
purely cold dark matter halo simulated in tandem (Jan Velt-
maat, private communication). In addition, the effective size
of the the FDM is not small compared to the radial binning,
and this ’size’ is not constant but varies with radius, due
to changing velocity (and thus de Broglie wavelength) in a
realistic halo. The effective size reflected in the λσ of our fits
thus necessarily reflects an averaging. The fact that our fits
are better inside half the virial radius may point to effects
of changing velocity dispersions not taken into account by
our isothermal model.
The long correlation tail may appear to contradict the
much better fits we obtained to the fluctuation power spec-
tra of Chan et al. These, as we saw above, are consistent
with our model. At larger scales they generally correspond
to a white noise power spectrum (flat P(k) with ∆2 ∼ k3).
This agreement could be because the power spectra do not
go to large enough scales for discrepancies due to the back-
ground density correlations to appear. Also, except for the
red line in Fig 1, which indeed shows some excess power on
larger scales, the Chan et al. spectra are also evaluated over
radial shells rather than inside spherical bins, which leaves
less room for effects due to background density and velocity
profiles.
If not an artifact arising from the definition and sub-
traction of the background density, the spatial correlation
function of Veltmaat et al. would imply large scale correla-
tions that cannot be captured by the calculated correlation
functions — at least while keeping an isothermal Mawellian
velocities — as the model in this case predicts mass fluc-
tuations that decay as Poisson noise beyond the de Broglie
wavelength, consistent with the white noise power spectrum
at larger scales. This can be explicitly shown by calculat-
ing the variance a filtering scale R, which is given by (e.g.,
Mart´ınez & Saar 2002; Mo et al. 2010)
σ2R =
1
2pi2
∫ ∞
0
W 2(k,R)P(k)k2dk, (52)
where W is the Fourier transform of the window filtering
function. Using a Gaussian filter, such that W 2(k,R) =
e−R
2k2/2 gives,
σ2R =
(
2
(Rσm~)2 + 2
)3/2
, (53)
which shows the mass variance to be of order one on scales
smaller than the typical de Broglie wavelength of FDM par-
ticles and decreases as 1/R3 on larger scales, as expected of
Poisson noise.
3.2.2 Force fluctuations and rough estimates of the
relaxation time
The mean square of the force fluctuations can be obtained
from equation (41)
〈F 2(0, 0)〉 = (8pi)3G2m−2~ vdx
∫
f2(v)dv, (54)
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where we have assumed that vdx  vdm. Recalling that∫
f(v)dv = ρ0, Eq. (45) yields
〈F 2(0, 0)〉 = 8 G2ρ0m~vdxmeff . (55)
If vdx ≈ ~kx2m , and the maximum wave number is related to
the minimal wavelength by kx = 2pi/λx, then
〈F 2(0, 0)〉 = 16 piG2ρ0meff
λx
. (56)
A quite crude, but instructive, estimate of the growth of
the mean squared speed and associated relaxation time can
then be obtained from assuming that the diffusion process
determining the growth can be described by a collection of
independent ’kicks’, each of duration ∆t, such that after n
kicks
〈(∆vp)2〉 ≈ n〈F 2(0, 0)〉(∆t)2. (57)
Or, using equation (56),
〈(∆vp)2〉 ≈ 8piG
2ρ0meff
vr
T. (58)
Here T = n∆t and we assumed a typical test particle veloc-
ity relative to the axions system modes vr and that ∆t is
equal to a half-mode modulation time of the minimal wave-
length, such that ∆t = λmin
2vr
. Although equation (58) is the
same as (12) if ln Λ = 1 and m replaced by the effective
mass, as noted above a velocity distribution of FDM ax-
ion velocities must be defined if this meff , and consequently
〈(∆vp)2〉, does not diverge. For the Maxwellian distribution
(47)
meff =
8pi3/2ρ0
m3~σ
3
. (59)
A better estimate of the increase in velocity dispersion
due FDM density and force fluctuations can be obtained
by calculating the diffusion coefficients calculated in Ap-
pendix B. In this way
〈(∆vp)2〉 = T
∑
i=j
D[∆vi∆vj ] = T
(
D[(∆v‖)
2] +D[(∆v⊥)
2]
)
.
(60)
For a Maxwellian velocity distribution this gives
〈(∆vp)2〉 = T
√
2 4piG2ρ0meff ln Λ
σeff
[
erf(Xeff)
Xeff
]
. (61)
Here σeff = σ/
√
2 and meff is given by (59) and Xeff =
vp/(
√
2σeff) = vp/σ. Thus we have
〈(∆vp)2〉 = T 8piG
2ρ0meff ln Λ
vp
erf(Xeff). (62)
If vp ∼ vr and is set to
√
3σ then erf(Xeff) = 0.99, and with
replacement of m with the appropriate meff this expression
is again virtually equivalent to (12). The time for the fluc-
tuations to induce a velocity dispersion of the order of vp is
accordingly also given by (16), with meff in the denominator.
4 THE HEATING OF DISKS BY FDM AXIONS
4.1 First estimate
If one wishes to obtain a rough estimate of the effect of the
fluctuating force in FDM haloes in significantly increasing
the velocity dispersion of embedded disk stars, then vp in
equation (62) can be replaced by the circular velocity vcirc
and again erf(Xeff) ≈ 1. Without taking into account the
disk’s self gravity, the relaxation timescale, taken to produce
a velocity variance in the motion of the disk stars σ2d (σd
being the dispersion), is
tr ≈ σ
2
dvcirc
8piG2ρ0meff ln Λ
, (63)
where σ2d = σ
2
z+σ
2
R+σ
2
θ , when measured in cylindrical coor-
dinates moving at the local circular velocity. To estimate this
timescale, we assume the outer FDM halo to be represented
by an isothermal distribution with radial mass density
ρ0 =
σ2
2piGr2
, (64)
with associated circular speed vcirc =
√
2σ. For this density
distribution
meff =
4
√
2pi
Gm3~vcircr
2
. (65)
Using equations (63), (64) and (65) we thus find for for the
Milky Way solar neighbourhood
tr =
1.1× 1012
ln Λ
(
r
8 kpc
)4 ( m
10−22eV
)3 ( σd
70 kms−1
)2
yr.
(66)
In Appendix E we estimate the Coulomb logarithm argu-
ment as
Λ = 36.9
(
r
8kpc
m
10−22eV
vcirc
200km/s
)1/2
, (67)
so that ln Λ = 3.6.
Thus for solar neighbourhood parameters this simple
estimate suggests that the mass of the FDM axion should
not be less than ∼ 0.36 × 10−22eV if the local velocity dis-
persion resulting from fluctuation arising from FDM heating
through a Hubble time is not to exceed that observed.
It is remarkable that the estimate of the relaxation time
in equation (66) does not depend on the disk circular veloc-
ity. On the other hand, observations suggest a clear corre-
lation between velocity dispersion in disks and their maxi-
mal rotation speeds (Bottema 1993; Kregel & van der Kruit
2005; Kregel et al. 2005). We also note that equation (66)
implies a velocity dispersion increase that scales in time dif-
fusely as ∼ t1/2. As we will see below this applies to both
vertical and radial velocity dispersion. However the latter is
observed to scale as ∼ t1/3. Such discrepancies imply that
only a small fraction of the velocity dispersion in disks can
result from FDM axion fluctuations as treated here. Other-
wise, the aforementioned scalings will not be reproduced.
4.2 Vertical and radial dispersion and disk
response
The estimate just presented, of the increase in disk star ve-
locity dispersion, did not distinguish between vertical and
radial increase. It also did not take into account, even in an
approximate manner, the disk self gravity. To make progress
on such issues we make use of the formulation of Binney &
Tremaine (2008, Section 7.4), exploiting the fact that the
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effect of fluctuations in FDM axion haloes is expected to be
effectively equivalent to that of quasi-particles of mass meff
and distribution function feff .
In this context, the rate of energy transfer per unit mass
to disk stars in the vertical direction is
D[∆Ez] = D
[
∆
(
1
2
v2z
)]
= vzD[∆vz] +
1
2
D[(∆vz)
2]. (68)
Assuming again a Maxwellian FDM velocity distribution
and stellar motion with circular velocity vcirc, and writing
the diffusion coefficients in terms of components parallel and
normal to the motion (Appendix B) and ignoring terms sup-
pressed by factors (vz/vcirc)
2, one finds
D[∆Ez] =
1
4
D[(∆v⊥)
2]
=
√
2piG2ρ0meff ln Λ
σeff
[
erf(Xeff)−Geff(Xeff)
Xeff
]
,
(69)
where meff and feff(v) are given by (45) and (46) and Xeff =
vp/(
√
2σeff) ≈ vcirc/σ, for nearly circular orbits. Then, using
equation (64) and vcirc =
√
2σ,
D[∆Ez] = 0.39
Gmeffvcirc
r2
ln Λ. (70)
If one assumes the virial relation for a system of self grav-
itating sheets to approximate a disk system Ez is related
to the vertical velocity dispersion Ez =
3
2
σ2z (alternatively,
the epicyclic approximation leads to Ez = σ
2
z ; Lacey & Os-
triker (1985)). Thus dσ2z/dt =
2
3
D[∆Ez]. Integrating this,
and using (70) and (65) one finds
σz = 2.4 km/s
(
10−22eV
m
)3/2(
8kpc
r
)2(
T
10Gyr
)1/2
ln Λ1/2
(71)
Note again that the results do not depend on the circular
speed associated with the isothermal halo.
As in the previous subsection, if we consider the vertical
dispersion of stars to arise solely from the FDM axion fluctu-
ations then the above leads to the relatively weak constraint
of m>∼ 0.3×10−22eV, if the maximal vertical velocity disper-
sion in the solar neighborhood taken to be about 30km/s.
This constraint can be tightened by considering the ra-
dial dispersion. A similar analysis to that outlined above
(again. following the calculation of the aforementioned sec-
tion of Binney & Tremaine) shows that σR = 1/0.53 × σz.
Therefore
σR = 4.5 km/s
(
10−22eV
m
)3/2(
8kpc
r
)2(
T
10Gyr
)1/2
ln Λ1/2
(72)
This is inconsistent with observations, as it predicts σR ∼
σz ∼ t1/2, while a power law more akin to σR ∼ t1/3 is sug-
gested by the observations, a result exhaustively confirmed
by the recent data of Mackereth et al. (2019). If we assume,
due to the lack of proper correlation that only the errors
in their σR can be tolerated as being due to FDM fluctua-
tions this is equivalent to setting σR ∼ 3km/s in (72), which
corresponds to m>∼ 2× 10−22eV.
4.3 Comparison with other work
Hui et al. (2017) estimate the effect of FDM fluctuations
on disk thickness by assuming that they can be modelled
as due to classical particles with effective mass correspond-
ing to that enclosed within half a de Broglie wavelength
λDB. Their equation (35) implies that the effect is entirely
dominated by encounters with minimal impact parameters
bmin, without the usual two dimensional integration over im-
pact parameters that leads to the Coulomb logarithm. The
fact that adiabatic fluctuations do not contribute to stochas-
tic increase in velocity dispersion at the basis of relaxation
time estimates (cf. Appendix E and Church et al. 2018), is
taken into account by dividing this minimal bmin by the disk
half-thickness. Their equation (35), although strictly valid
for axion masses > 10−22eV, gives constraints on the FDM
mass from disk velocity dispersion in the solar neighbour-
hood that are only slightly weaker than we find here, where
we have evaluated the combined dynamical effect of the full
spectrum of contributing Fourier modes (which leads to the
Coulomb logarithm evaluated in Appendix E). Application
of their equation (34) on the other hand, relaxes the con-
straints on the mass much more significantly.
The effect of FDM fluctuations on the vertical disper-
sion of galactic disks were also discussed by Church et al.
(2018). When we assume, as they do, that all the vertical
disk dispersion is due to FDM halo fluctuations we get a sim-
ilar but weaker constraint of ∼ 0.3 × 10−22eV on the FDM
particle mass (instead of their 0.6). There are several pos-
sible reasons that can account for this difference. As that
work was largely concerned with heating due to classical
subhaloes, the FDM fluctuations are derived by assuming
classical particles of effective mass Mω (their Eq. 18) and
directly applying standard two body relaxation theory. The
diffusive effects are also not resolved into vertical and par-
allel components (associated with the vertical and parallel
diffusion coefficients here). Furthermore the effective mass
of the FDM quasiparticles is 6.7 times our meff (note that
there seems to be a typo in their Eq. 24a, with a factor
of
√
2/4 apparently missing). Under their assumptions, the
Coulomb logarithm is also expected to be larger than eval-
uated here (Appendix E). Finally, their formulation of the
disk response (their equation 25) is different in two ways
than assumed here: the factor κ in the second term is in
our case 1/3 instead of 0.52 (cf. discussion following Eq. 70
above), and their formulation includes an extra term describ-
ing the effect of mass accretion, which we ignore. This term
is always positive, and thus increases further the effect of
FDM fluctuations, but the other difference mentioned above
can account for the discrepancy of a factor of about two in
FDM mass constraint.
When, by noting that the increase in disk dispersion
due to FDM fluctuations violate scaling relations between
σR and vcirc, and its time dependence (predicted as σR ∼
t1/2, instead of the observed ∼ t1/3), we can derive tighter
constraints on the mass of the FDM axion. Namely m>∼ 2×
10−22eV. This is similar to that derived by Amorisco & Loeb
(2018) from the effect of fluctuations on the dynamics of
stellar streams in the Milky Way. It is significantly weaker
however than that found by Marsh & Niemeyer (2018) by
applying the fluctuation model of El-Zant et al. (2016) to
the central star cluster ultrafaint Dwarf Galaxy Eridanus II.
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As shown in Appendix F, directly applying our ex-
tended and improved model to the dynamics central clus-
ter of Eridanus II leads to the similarly strong constraint
m ≥ 8.8 × 10−20eV, if one assumes that the FDM makes
up all the dark matter and the effect associated fluctuations
goes entirely into expanding the cluster, in the manner en-
visaged by Marsh & Niemeyer (2018). However, for masses
m>∼ 10−20eV the cluster should lie inside the solitonic core
of the FDM distribution (Marsh & Niemeyer 2018). Strictly
speaking, one can thus not rule out the masses below this
using the methods presented here, and the eliminated FDM
mass range is quite limited (to 10−20eV<∼m<∼ 10−19eV) and
does not include the range most interesting for solving galac-
tic scale problems of CDM.
To extend the constraint on m to lower values, Marsh
& Niemeyer (2018) consider diffusion due to FDM central
soliton core oscilations. It may also be the case that fluctu-
ations from FDM granules outside the core could still affect
the evolution of a cluster stars inside it. However, as dis-
cussed in the aforementioned appendix, even leaving aside
doubts about the possibility of applicability of our formula-
tion (or that in El-Zant et al. 2016) in drawing quantitative
conclusions in such situations, another problem arises. For
m = 10−20eV the minimum wavelength λmin of the fluctu-
ations is actually more than an order of magnitude larger
than the assumed initial cluster size. And as λmin ∼ 1/m,
for smaller masses λmin is larger still. It is therefore unclear
whether it is appropriate to assume that the fluctuations (in-
cluding coherent core oscillations) would affect the internal
structure of the cluster rather than the cluster as a whole.
This places another limitation on obtaining strict con-
straints from the observed size of the central cluster of Eri-
danus II. At the same time, however, when the effective
FDM granule mass is larger than that of the cluster one
may expect energy equipartition between FDM quasipar-
ticles and the cluster to result in significant motion of its
centre of mass. As briefly discussed in the appendix, the
displacement of the cluster form the centre of the galaxy,
rather than its size, could in this case lead to constraint on
m, though a detailed examination of this issue is beyond the
scope of the present study.
5 CONCLUSION
In this study, we first extended the model of El-Zant et al.
(2016) to systems of classical point particles with spatial dis-
tributions that are statistically homogeneous, up to finite N
fluctuations. The associated power spectrum of density fluc-
tuations is flat, corresponding to white noise. This case was
not considered in El-Zant et al. (2016), where we developed
a model linking (random Gaussian) density fluctuations in a
gaseous medium to potential fluctuations that can transform
dark halo cusps into cores. In this case, the relevant depen-
dence of the power spectrum on wave number is primarily
of the form of a power law (P(k) ∼ k−n, with n < 0).
Application to white noise power spectrum leads to the
standard two body relaxation time (if the maximal and min-
imal impact parameters are associated with maximal and
minimal cutoffs in the flat power spectrum of density fluc-
tuations; Section 2.1). This is not all that surprising, as
we evaluate the dynamical effects of finite-N fluctuations
on the motion of a test particle, while ignoring their self
gravity and the mean field (what we termed the ’Jeans-
Chandrasekhar Swindle’). These are the assumptions from
which the usual two body relaxation time is derived, albeit
by different means.
In El-Zant et al. (2016) we used the sweeping hypothesis
widely employed in turbulence theory to transform spatial
power spectra into the time domain, while assuming that
all density fluctuation modes moved with the same veloc-
ity. Here we extend this by allowing each Fourier mode to
be ’swept’ with its own velocity and imposing mass conser-
vation to determine its time evolution (Section 2.2). If the
mode velocities are uncorrelated with wavenumber (as ex-
pected of a homogeneous classical system), there arises a
particularly simple relationship linking the spatio-temporal
power spectrum to the spatial (equal time) power spectrum
and the velocity distribution function (equation 21). This
then naturally leads to the full set of diffusion coefficients
associated with standard relaxation theory (Appendix B).
Next we consider systems of ultralight FDM axions, in
the mean field limit and again assuming spatial homogeneity
on large scales. Given the aforementioned limit, the fluctu-
ations here are not due to finite N effects, but rather to the
large de Broglie wavelength associated with the ultralight
particles. The Jeans-Chandrasekhar swindle here requires
that the de Broglie wavelength is small enough so that the
self gravity of the fluctuations can be ignored — that is much
smaller than the Jeans length, which is of the order of the
size of the physical system to be modelled. The sweeping
hypothesis, generalized as described above, can still be used
to obtain the spatio-temporal density power spectrum, and
from this the force power spectrum and correlation function.
As in the case of gaseous fluctuations and classical point par-
ticle systems, the force correlation function can be inserted
into a stochastic equation to evaluate the effect of relaxation
due to the fluctuations and the associated timescale.
There are two main differences with the classical case
nevertheless. Although the relevant Schro¨dinger equation is
that of a classical field (given the large number of bosons as-
sumed to share the same states), the wave nature of the field
naturally links the velocities at which Fourier density fluctu-
ation modes can move to their wavenumber; velocities and
wavenumbers are therefore no longer uncorrelated, and mass
conservation now requires that the wave function modes be
swept at the a frequency-wavenumber dependent phase ve-
locity. Furthermore, the usual quantum interference between
wave function modes is present. The interference pattern,
arising from associating the density with the square of the
wave function, leads to a power spectrum that is dependent
on products of pairs of wavenumber (or equivalently veloc-
ity) distribution functions.
In the diffusion limit, the effect of the FDM fluctua-
tions on the motion on a classical test particle (namely in
terms of increase in velocity dispersion) can still be written
in the form familiar from standard two body relaxation the-
ory. However the aforementioned interference effects imply
that the resulting quasi-particles, through which the associ-
ation with classical relaxation theory is made, have effective
mass and distribution function that involves integrals of the
square of the velocity distribution function of the FDM ax-
ions. The resulting diffusion coefficients are equivalent to
those derived in Bar-Or et al. (2019), though our approach
MNRAS 000, 1–18 (2018)
12 Amr El-Zant, Jonathan Freundlich, Franc¸oise Combes, Anaelle Halle
involves explicit evaluation of the force correlation function,
with the diffusion limit taken as a final step. The application
of the sweeping hypothesis of turbulence theory is helpful in
clarifying the similarities and differences with classical point
particle and fluid motion.
We derive explicit expressions for the power spectrum
and correlation function of FDM density fluctuations and
the mass fluctuations on different scales under the assump-
tion of an isothermal Maxwellian velocity distribution (Sec-
tion 3.2.1). These are of order one on scales of the order of
the de Broglie wavelength and smaller, and decay as Poisson
noise on larger scales. As may be expected, the associated
spectrum is flat (corresponding to white noise) on scales that
are significantly larger than the de Broglie wavelength of the
FDM axions, with a cutoff on smaller scales. This trend fits
quite well the power spectrum from the numerical simula-
tions of Chan et al. (2018). We also compare our results with
correlation functions computed from numerical simulations
by Veltmaat et al. (2018). Our time correlation functions
nicely match theirs (especially when those are averaged over
larger spherical regions). Their spatial correlation functions
are well fit on smaller scales. They then however display a
weakly declining tail at large scales that is not captured by
our Gaussian decay. This could be possibly related to resid-
ual correlations of the background density that remain after
subtracting the radially averaged density field; for example,
due to the non-sphericity of the halo and the finite size of the
fluctuations, which also varies with radius due to changing
de Broglie wavelength.
We also estimate the effect of FDM fluctuations on
galactic disks. If the total vertical velocity dispersion in the
solar neighbourhood is attributed to such fluctuations, the
FDM axion is constrained to have a mass m>∼ 0.3×10−22eV.
Noting however the ∼ t1/3 growth of radial velocity disper-
sion with time implied by observations, further constraint
can be inferred. This is because the growth described by
our diffusive model is necessarily ∼ t1/2, which contradicts
the extensive recent study of Mackereth et al. (2019). Rea-
soning that the FDM fluctuation contribution to the radial
dispersion should therefore be limited to the errors in the
aforementioned data in order to avoid inconsistency we find
m>∼ 2× 10−22eV.
This latter constraint is similar those obtained
by Amorisco & Loeb (2018) from evaluation of the effect of
fluctuations on the dynamics of stellar streams and from the
dynamics of dark matter dominated objects such as dwarf
and ’ultra-diffuse’ galaxies (e.g., Wasserman et al. 2019). It
is however significantly weaker than those obtained by di-
rectly applying the model of El-Zant et al. (2016) to the
central star cluster of the ultrafaint dwarf galaxy Eridanus
II (Marsh & Niemeyer 2018). We applied our extended and
generalized model to that situation, confirming that similar
constraints can in principle be derived under the same as-
sumptions, while discussing the limitations associated with
these assumptions (Section 4.3 and Appendix F).
The constraints from the disk dynamics derived here
are also weaker than those inferred through entirely different
means, such as Lyman-α (Kobayashi et al. 2017; Nori et al.
2019) and 21 cm observations (Nebrin et al. 2018; Lidz &
Hui 2018), and the environment around supermassive black
holes (e.g., Davoudiasl & Denton 2019; Bar et al. 2019; Des-
jacques & Nusser 2019; Davies & Mocz 2019). While these
methods are subject to their own uncertainties, our model
for the effect of FDM fluctuations on disks, on the other
hand, only takes into account the disk self gravity in the
simplest possible way (by applying the vertical virial theo-
rem; Section 4.2). The disk self-gravitating response may in
principle modify the effect of fluctuations. If it is similar in
nature to the response of the nonradial modes in the per-
turbed haloes studied in El-Zant et al. (2016), it may in fact
significantly amplify and enhance the effect of the imposed
stochastic fluctuations. This should be worth studying in de-
tail in future work, as in a disk such effects may in fact be
expected to be even more prominent.
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APPENDIX A: VELOCITY DISPERSION FOR
A WHITE NOISE POWER SPECTRUM
Adapting the theoretical framework introduced by El-Zant
et al. (2016) to a test particle affected by stationary stochas-
tic density fluctuations with a time-dependent white noise
power spectrum where all modes move with the same veloc-
ity vr relative to the test particle yields a velocity dispersion
after time T given by Eq. (11). This equation is the sum of
〈(∆vp)2〉1 = 2DT
vr
∫ T
0
Si(kxvrt)− Si(kmvrt)
t
dt (A1)
and
〈(∆vp)2〉2 = −2D
vr
∫ T
0
[Si(kxvrt)− Si(kmvrt)] dt, (A2)
where 2pi/km and 2pi/kx are the maximum and minimum
cutoff scales of the power spectrum and Si denotes the Sine
integral function. These two terms can be rewritten as
〈(∆vp)2〉1 = 2DT
vr
[∫ ux
0
Si(u)
u
du−
∫ um
0
Si(u)
u
du
]
(A3)
and
〈(∆vp)2〉2 = 2DT
vr
[
1
um
∫ um
0
Si(u)du− 1
ux
∫ ux
0
Si(u)du
]
(A4)
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with ux = kxvrT and um = kmvrT .
In the diffusion limit where both ux, um  1, we can
introduce an intermediate ud < min(ux, um) such that ud 
1 and write
〈(∆vp)2〉1 = 2DT
vr
[∫ ux
ud
Si(u)
u
du−
∫ um
ud
Si(u)
u
du
]
. (A5)
Since Si(u) = pi/2 − cos(u)/u + O(1/u2) when u  1, this
equation leads to
〈(∆vp)2〉1 = piDT
vr
[
ln
(
ux
um
)
+O
(
1
um
)]
(A6)
when ux, um  1. Since
∫ u
0
Si(t)dt = uSi(u) + cos(u) − 1,∫ u
0
Si(u)du = upi/2− 1 +O(1/u2) when u 1 and it yields
〈(∆vp)2〉2 = 2DT
vr
[
1
ux
− 1
um
+O
(
1
u2m
)]
. (A7)
Hence in the diffusion limit,
〈(∆vp)2〉 = piDT
vr
[
ln
(
ux
um
)
+O
(
1
um
)]
, (A8)
which leads to Eq. (12).
APPENDIX B: DIFFUSION COEFFICIENTS
In general, the relation between the force and potential
Fourier components can be written as
Fk = −ikφk. (B1)
Equation (6) hence generalizes, for two modes ki and kj, to
PF (ki, kj , t) = (4piGρ0)2P(k, t)kikj
k4
(B2)
and Eq. (7) becomes
〈Fi(0, 0)Fj(r, t)〉 = (4piGρ0)
2
(2pi)3
∫
kikj
k4
eik.rP(k, t)dk. (B3)
Using equation (23) this can be written as
〈Fi(0, 0)Fj(r, t)〉 = 2
pi
mG2
∫
f(v)dv
∫
kikj
k4
eik.(vp−v)tdk
(B4)
with r = vpt as in Eq. (24). Through straightforward gener-
alization of equation (9), the non-transient term describing
the growth of the velocity dispersion under the action of the
density fluctuations can be expressed as
〈∆vpi∆vpj〉 =
4
pi
mG2T
∫ T
0
(∫
f(v)dv
∫
kikj
k4
eik.(vp−v)tdk
)
dt.
(B5)
Taking spherical coordinates with z-axis along vector
vp − v = V0 = −vr yields∫
kikj
k4
eik.(vp−v)tdk =
∫
kikj
k2
eikV0t cos θ sin θdθdφdk, (B6)
where V0 = |V0| = |vr|. Taking the large T (diffusion limit)
in equation (B5), the integration of the exponential over time
involves a delta function with cos θ as argument, meaning
that only wave number vectors normal to V0 contribute.
This results in
〈∆vpi∆vpj〉 = 4G2mT
∫
f(v)
V0
dv
∫
kikj
k3
dkdφ. (B7)
Furthermore, since cos θ = 0 for contributing wave num-
ber vectors, kx = k cosφ, ky = k sinφ and kz = 0. The
components along some general unit vectors eˆi and eˆi are:
ki = kx(eˆx.eˆi) + ky(eˆy.eˆi) and kj = kx(eˆx.eˆj) + ky(eˆy.eˆj).
Thus we can integrate equation (B7) over φ and k to get
〈∆vpi∆vpj〉 = 4pimG2T ln kx
km
×∫
f(v)
V0
[(eˆx.eˆi)(eˆx.eˆj) + (eˆy.eˆi)(eˆy.eˆj)]dv.
(B8)
As, in the coordinate system where the integration
was performed, we took the z-axis along V0, we have
(eˆz.eˆi) = V0i/V0. In addition
(eˆx.eˆi)(eˆx.eˆj)+(eˆy.eˆi)(eˆy.eˆj)+(eˆz.eˆi)(eˆz.eˆj)=(eˆi.eˆj)=δij .
(B9)
Therefore,
〈∆vpi∆vpj〉 = 4pimG2T ln kx
km
∫
f(v)
V0
[
δij − V0iV0j
V 20
]
dv.
(B10)
As this final form of the velocity dispersions result-
ing from fluctuating force already incorporates the diffusion
limit, the second order diffusion coefficients D[∆vi∆vj ] are
simply given by 2
D[∆vi∆vj ] =
〈∆vpi∆vpj〉
T
, (B11)
which leads to the same standard form for the diffusion
coefficients (as in Binney & Tremaine 2008, Appendix L)
when ln kx
km
is idenstified with the Coulomb logarithm ln Λ.
A test particle moving in a fluctuating field that is station-
ary and random Gaussian (fully defined by two point cor-
relation function and power spectrum) will also experience
a drag force that is related to the correlation function of
the force fluctuations (e.g. Kubo 1966; Binney & Tremaine
2008). This being the case, the first order diffusion coeffi-
cients will be related to the second order ones by the fluctu-
ation dissipation relations
D[∆vi] =
1
2
∑
j
∂
∂vpj
D[∆vi∆vj ]. (B12)
For isotropic velocities — i.e. in systems with distribu-
tion functions depending on v rather than v — the Carte-
sian diffusion coefficients are related to the coefficients in
the directions parallel and perpendicular to a test particle’s
motion by (Binney & Tremaine 2008, Appendix L)
D[∆vi] =
vpi
vp
D[∆v‖] (B13)
2 We drop the subscript p in the square brackets of the diffusion
coefficients to simplify (and connect to standard) notation.
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and
D[∆vi∆vj ] =
vpivpj
v2p
(
D[(∆v‖)
2] − 1
2
D[(∆v⊥)
2]
)
+
1
2
δijD[(∆v⊥)
2]. (B14)
For a Maxwellian velocity distribution with one dimensional
dispersion σ (Eq. 47)
D[∆v‖] = −4piG
2ρ0m ln Λ
σ2
G(X), (B15)
D[(∆v‖)
2] =
√
2 4piG2ρ0m ln Λ
σ
G(X)
X
, (B16)
and
D[(∆v⊥)
2] =
√
2 4piG2ρ0m ln Λ
σ
[
erf(X)−G(X)
X
]
. (B17)
Here X = vp/
√
2σ and
G(X) =
1
2X2
[
erf(X)− 2X√
pi
e−X
2
]
. (B18)
In the case of FDM axions, m is replaced by the effective
mass meff and the distribution function f is replaced by feff
as given by equations (45) and (46). Furthermore, when f
is Maxwellian, the effective distribution function is also a
Maxwellian with σeff = σ/
√
2. Thus in the FDM case, the
above relations for the parallel and perpendicular diffusion
coefficients are still valid once m is replaced with meff , σ
with σeff and X with Xeff = vp/(
√
2σeff) = vp/σ.
As noted by Bar-Or et al. (2019), the diffusion coeffi-
cients, thus defined, do not tend to the classical point parti-
cle limit as meff → 0. This is because, as mentioned (while
introducing equations 27 and 28), the mean field limit is al-
ready implied from the start by the description in terms of
a classical field arising from large occupation numbers (i.e.,
large number of particles existing in the same state). The
classical collisionless limit, with diffusion coefficients van-
ishing, is therefore naturally arrived at as meff → 0, as
fluctuations due to finite de Broglie wavelength vanish. The
classical point particle limit can be recovered by considering
wave packets representing individual particles (Bar-Or et al.
2019, Appendix A).
APPENDIX C: POWER SPECTRUM OF A
FREE AXION SYSTEM
Ignoring the self-gravity term in Eq. (27) leads to an axion
wavefunction that can be written as
ψ(r, t) =
∫
φke
ik.r−iω(k)tdk (C1)
with
ω(k) =
~k2
2m
(C2)
as indicated in Section 3. The assumption of a free field is
justified there in terms of the ’Jeans-Chandrasekhar swin-
dle’; effectively the assumption of an infinite medium that
is statistically homogeneous on large scales, with the only
contributions to the potential affecting a test particle com-
ing from fluctuations around a mean field that is subtracted
away. In the case of a FDM field this implies that the charac-
teristic fluctuation scale (roughly the de Broglie wavelength)
is small compared to the Jeans length — effectively the size
of an actual inhomogeneous self-gravitating system — since
the self gravity of the fluctuations is ignored.
We assume that the ensemble averages of φk satisfy
〈φk〉 = 0 and 〈φkφ?k′〉 = fk(k)δD(k− k′) where δD is the
Dirac delta function, i.e., 〈φkφ?k′〉 = 0 for k 6= k′ and the
mean axion density ρ0 = 〈|ψ(r, t)|2〉 =
∫
fk(k)dk. They are
therefore modes of a complex Gaussian random field. This is
consistent with the assumption, as in El-Zant et al. (2016),
that the fluctuations giving rise to the stochastic dynam-
ics describe a statistically homogeneous Gaussian random
field, completely characterized by its power spectrum and
correlation function.
Since the functions φk are complex valued Gaussian ran-
dom variables, Isserlis’ (or Wick’s) theorem applies and
〈φk1φ?k2φk3φ?k4〉 = fk(k1)fk(k3)δD(k1 − k2)δD(k3 − k4)
+ fk(k1)fk(k2)δD(k1 − k4)δD(k2 − k3) (C3)
Given these assumptions, the axion density fluctuations
δ(r, t) = |ψ(r, t)|2/ρ0 − 1 arising from the Schro¨dinger-
Poisson system are described by the density contrast
δ(r, t) =
1
ρ0
∫∫
φkφ
?
k′e
i[k−k′].r−i[ω(k)−ω(k′)]tdkdk′−1, (C4)
whose two-point correlation function C(r, t) =
〈δ(0, 0)δ(r, t)〉 is
C(r, t) =
1
ρ20
∫∫
fk(k)fk(k
′)ei[k−k
′].r−i[ω(k)−ω(k′)]tdkdk′
(C5)
using Eq.C3. Taking the Fourier transform of Eq. C5 yields
the power spectrum
P(k, t) = (2pi)
3
ρ20
×∫∫
fk(k1)fk(k2)e
−i[ω(k1)−ω(k2)]tδD(k−k1+k2)dk1dk2.
(C6)
By analogy with the case where each mode of the den-
sity perturbation is swept by a given velocity, we can intro-
duce the velocities
vi =
~ki
m
, vc =
v1 + v2
2
, and vd =
v1 − v2
2
(C7)
such that
P(k, t) = (2pi)
3
ρ20
×∫∫
f(v1)f(v2)e
−im~vc.vdtδD(k−m~vd)dv1dv2 (C8)
with m~ = 2m/~ and fk(k)dk = f(v)dv, i.e.,
f(v) = fk(mv/~)×m/~.
APPENDIX D: AXION FLUCTUATIONS WITH
A MAXWELLIAN VELOCITY DISTRIBUTION
D1 Equal time power spectrum
The equal time power spectrum of the density contrast of
a free axion system is given by Eq. (39). For a Maxwellian
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velocity distribution (Eq. 47), it yields:
P(k, 0) = 8
m2~σ
6
∫
e
− 1
2σ2
[(v+k/m~)2+(v−k/m~)2]dv
=
8
m2~σ
6
e
− k2
m2~σ
2
∫
e
− v2
σ2 dv
P(k, 0) =
(
2
√
pi
m~σ
)3
e
− k2
m2~σ
2
. (D1)
D2 Correlation function of the density contrast
The power spectrum of the density contrast of a free axion
system can more generally be expressed from Eq. 37 as
P(k, t) = (4pi)
3
m3~ρ
2
0
∫
f(v+k/m~)f(v−k/m~)e−iv.ktdv. (D2)
The associated correlation function is the inverse Fourier
transform of this power spectrum,
〈δ(0, 0)δ(r, t)〉 = 1
(2pi)3
∫
P(k, t)eik.rdk
=
1
(piσ2m~)3
∫∫
e
− 1
σ2
(v2+k2/m2~)+i(r−vt).kdvdk
=
1
(piσ2m~)3
∫
e
− v2
σ2
(∫
e
− k2
σ2m2~
+i(r−vt).k
dk
)
dv
=
1
(piσ2)3/2
∫
e
− v2
σ2
−m
2
~σ
2(r−vt)2
4 dv
=
1
(piσ2)3/2
∫
e
− v2
σ2
− (r−vt)
2
λ2σ dv, (D3)
with λσ = 2/m~σ = ~/mσ an associated wavelength (equal
to 1/2pi the de Broglie wavelength connected to motion at
speed σ). The exponent in the exponential can be rewritten
− v
2
σ2
− (r− vt)
2
λ2σ
=
− 1 + t
2σ2/λ2
σ2
[(
v − tσ
2/λ2σ
1 + t2σ2/λ2σ
r
)2
+
r2σ2/λ2σ
(1 + t2σ2/λ2σ)2
]
(D4)
such that
〈δ(0, 0)δ(r, t)〉 = 1
(piσ2)3/2
e
− r
2/λ2σ
1+t2σ2/λ2σ
∫
e
− 1+t
2σ2/λ2σ
σ2
v′2
dv′
(D5)
with the change of variable v′ = v − rtσ2/(λ2σ + t2σ2). We
finally have
〈δ(0, 0)δ(r, t)〉 = 1
(1 + t2σ2/λ2σ)3/2
e
− r
2/λ2σ
1+t2σ2/λ2σ . (D6)
APPENDIX E: COULOMB LOGARITHM FOR
FDM AXION SYSTEMS
We would like to estimate the value of the argument of the
Coulomb logarithm for FDM axion systems, as defined by
equation (44).
In this regard, we first note that the ratio vdx/vdm is
associated with a minimal and maximal scale (λmin and
λmax) through the de Broglie wavelength. We therefore re-
late it to the maximal and minimal velocities associated with
these wavelength, such that the ratio of the velocities is re-
lated to that of the minimal and maximal wavelength as
vdx/vdm = v(λmin)/v(λmax) = λmax/λmin.
Second, we note that the Coulomb logarithm appeared
in our calculation with the decorrelation approximation that
lead from equation (40) to (41). Strictly speaking, the eval-
uation of (40) should involve the integration over a factor
1/v multiplied by the square of the phase space distribution
function f2(v). For the Maxwellian distributions adopted
here, this entails a sharp cutoff in the integrand at speeds
v > σ. Physically, this would also be motivated by the fact
that it approximately corresponds to the length scale asso-
ciated with the effective mass. On the other hand, no such
cutoff exists at small speeds, so the maximum wavelength
entering into Coulomb logarithm can be extended up to the
range of validity of our formulation, as we discuss in specific
cases below.
E1 Singular isothermal sphere and effect on disk
In light of the comments above, the minimal scale should be
of the order of that determined by the effective mass scale.
Thus, setting meff =
4
3
piρ0(λmin)
3, and using equation (59)
to evaluate meff for a Maxwellian distribution, we estimate
λmin =
(
3
4
)1/3
pi1/6
~
mσ
, (E1)
and
v(λmin) =
h
mλmin
=
(
4
3
)1/3√
2pi5/6vcirc, (E2)
where vcirc =
√
2σ.
The description in terms of fluctuations of a Gaussian
random fluctuations that affect the particle velocities locally
(and associated diffusion limit), would not apply if the char-
acteristic timescale of fluctuations is smaller than the natu-
ral timescales associated with the motion of the perturbed
(test) particle. In this case the fluctuating potential changes
slowly along the particle trajectory, affecting it non-locally
and adiabatically, rather than in as stochastic dynamical
process with a diffusion limit.
The minimal velocity can therefore be connected to the
maximum scale of fluctuations that do not violate this as-
sumption. The associated condition is
T (λmax)
Tp
= 1 (E3)
where T (λmax) is the timescale related to the maximal wave-
length T (λmax) = λmax/v(λmax) and Tp is the character-
istic period of radial and vertical oscillations of the test
particle. In the epicyclic approximation, for nearly circu-
lar trajectories, this latter timescale is of the order of the
circular orbit period (e.g., Binney & Tremaine 2008). Given
the ultimate weak logarithmic, for a test particle orbit of
radius R (e.g., representing a disk star) we therefore just
set Tp = vcirc/2piR. Inserting these values into (E3), with
v(λmin) = h/mλmax, implies that
v2(λmax) =
λ(vcirc)
2piR
v2circ, (E4)
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where λ(vcirc) = h/mvcirc.
In accordance with our association of the argument of
the Coulomb logarithm with the ratio of maximal and min-
imal velocities we thus have
Λ =
v(λmin)
v(λmax)
=
(
4
3
)1/3√
2 pi5/6
(
2piR
λ(vcirc)
)1/2
. (E5)
For typical solar neighborhood parameters,
λ(vcirc)
2pi
=
~
mvcirc
= 0.096 kpc
(
10−22eV
m
200km/s
vcirc
)
,
(E6)
and
Λ = 36.9
(
r
8kpc
m
10−22eV
vcirc
200km/s
)1/2
. (E7)
This estimate takes into account the quantum origin
of the fluctuations, which imposes a relation between the
wavelength and frequency of the Fourier modes and are fun-
damentally associated with an interference pattern between
the wave function modes φk (as detailed in Appendix C
above). We note that if the FDM fluctuations are consid-
ered to correspond to motions of classical particles of mass
meff and ’size’ of order λmin, the Coulomb logarithm argu-
ment Λ is expected to be significantly larger than derived
above. For, in this case Λ = bmax/bmin, with bmin ≈ λmin.
And imposing condition (E3) leads to 2piR/vcirc ≈ 2bmax/vr,
where vr ≈ vcirc is the relative velocity of the field particle
perturbing the test particle at encounter parameter bmax.
So bmax/bmin ≈ piR/λmin. As λmin is of the same order of
λ(vcirc), then Λ ≈ R/λ(vcirc), which is significantly larger
than Λ ∼√R/λ(vcirc) derived above (equation E5).
E2 The case of Eridanus II
In this case we take Tp to correspond to the Keplerian pe-
riod; Tp = 2piR/vp, with v
2
p = GMc/R and Mc = 2000M
the central cluster’s mass (for observationally measured pa-
rameters of Eridamus II and its central cluster see Crnojevic´
et al. 2016; Li et al. 2017). Assuming an isothermal core for
the dwarf galaxy, Eq. (E1) is still valid, with σ = 6.9km/s
corresponding to the measured value. Condition (E3) now
leads to
v2(λmax) =
λ(vp)
2piR
v2p, (E8)
and therefore
Λ =
v(λmin)
v(λmax)
= 2
(
4
3
)1/3
pi5/6
(
2piR
λ(vp)
)1/2
σ
vp
. (E9)
For Mc = 2000M, vp = 0.83 km/s
√
13pc/R, so that
λ(vp)
2pi
=
~
mvp
= 2.3 kpc
(
10−21eV
m
√
R
13pc
)
, (E10)
and
Λ = 3.57
(
R
13pc
)3/4 ( m
10−21eV
)1/2
. (E11)
Clearly Λ must be larger than unity for the formula-
tion to make any sense. Thus for an initial cluster size of
2 pc, we must have m > 1.3 × 10−21eV. This is similar to
condition (5) of Marsh & Niemeyer (2018). It reflects the
0.0 0.5 1.0 1.5 2.0 2.5 3.0
t [Gyr]
101
102
103
r h
 [p
c] m = 8.8 × 10 19eV
m = 8.8 × 10 20eV
m = 8.8 × 10 21eV
Figure F1. Expansion of the central star cluster of Eridanus II
under the influence of fluctuations resulting from its embedding
in a halo of FDM ultra-light axion dark matter of mass m. The
horizontal line corresponds to the cluster’s estimated half mass
radius.
necessity that the minimal-wavelength modes considered do
not affect the cluster particles non-locally and adiabatically,
rather than be characterized by a random Gaussian process
with associated diffusion limit as assumed here.
Note that we require km|vp − v|t  1 for all velocities
v, rather than simply kx|vp − v|t 1 as assumed in Marsh
& Niemeyer (2018). Both conditions are satisfied for a clus-
ter age t = 3 Gyr; which eliminates the time dependence
of the Coulomb logarithm in Marsh & Niemeyer (2018), re-
sulting from the assumption km|vp − v|t 1. Finally, note
that a maximal wavelength cutoff on the basis of guaran-
teeing locality and non-adiabaticity of fluctuations may not
be necessary when the cluster size is much smaller than the
wavelength considered, as in this case one can consider its
stars stationary and locality is guaranteed. However, this
case raises questions as to whether one should consider the
cluster as a whole, rather than individual stars, to be af-
fected by the fluctuations. We further comment on this in
the next appendix.
APPENDIX F: REVISITING ERIDANUS II
Marsh & Niemeyer (2018) applied the model of El-Zant et al.
(2016) to study the effect of FDM fluctuations on the cen-
tral cluster of the dwarf galaxy Eridanus II. As the cluster’s
embedding in a fluctuating FDM halo can cause it to ex-
pand, the idea was to place constraints on the ultra light
axion mass from the observed size of the cluster, in analogy
with what Brandt (2016) obtained for MACHOS. As the
present work presents an extension and refinement of the
model of El-Zant et al. (2016), with detailed application to
the case of FDM haloes, is is interesting to revisit the case
of Eridanus II in this context and examine its predictions.
As in Brandt (2016) and Marsh & Niemeyer (2018), we
consider the central cluster to expand in virial equilibrium,
keeping the same form of the density profile, as its stars
gain kinetic energy due to its embedding in the fluctuat-
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ing medium. The equation for the temporal evolution of the
cluster’s half mass radius is then
drh
dt
=
D
G
(
αM?
r2h
+ 2βρ0rh
)−1
, (F1)
where D is the diffusion coefficient. As in the aforementioned
work we adopt α = 0.4 and β = 10, which corresponds to
a cored Se´rsic profile. The star cluster mass is taken to be
M? = 2000M. Here we concentrate on the case where the
dark matter is composed solely of FDM. Furthermore, our
model is strictly valid only outside the solitonic core, so the
factor CF in equation (16) of Marsh & Niemeyer (2018) is
unity (more on these issues below).
In the context of the present work, the diffusion coeffi-
cient is given in terms of equation (61); that is
D
[
(∆v)2
]
=
4
√
2piG2ρ0meff
σeff
ln Λ
[
erf(Xeff)
Xeff
]
, (F2)
where meff is given by (59), σeff = σ/
√
2 and Xeff = vp/σ.
As in the previous appendix, we take the star cluster par-
ticle speed vp to correspond to the Keplerian velocity vp =
0.83 km/s
√
13pc/R, and the dark matter velocity disper-
sion to be σ = 6.9 km/s. Thus, erf(Xeff)/Xeff is about 1.1.
The Coulomb logarithm is given by Eq. (E11). Note that
if the dark matter is not solely made of FDM, which in-
stead only constitutes a fraction F (as assumed in Brandt
2016 and Marsh & Niemeyer 2018) the diffusion coefficient
is effectively multiplied by a factor F2; as ρ0 → Fρ0 and
meff → Fmeff , since the latter also involves a factor ρ0.
Fig. F1 shows the temporal evolution of the cluster’s
radius over an assumed age of 3 Gyr from an assumed initial
radius of rh = 2 pc, which is the typical radius of stellar
clusters in the Milky Way (e.g. Harris 1996; Kharchenko
et al. 2005). If the effect of FDM fluctuations is directed
entirely at expanding the cluster, and if the current cluster
radius is 13 pc, then the results suggest an FDM axion mass
m ≥ 8.8× 10−20eV, which is essentially the same constraint
as that obtained by Marsh & Niemeyer (2018) under the
same assumptions regarding the FDM contribution to the
dark matter, the cluster’s age and its initial and final sizes.
However, as pointed out by Marsh & Niemeyer
(2018), the cluster lies inside the solitonic core for masses
m<∼ 10−20eV. Strictly speaking neither the present formu-
lation, or that of El-Zant et al. (2016) apply in this case.
Indeed, in this context, the potential variations result from
the existence of Gaussian random field of spatial fluctua-
tions, transported into the time domain with mode veloc-
ity v, rather than coherent core oscillations. Thus the con-
straints on the FDM axion mass appear limited in range.
As noted above, Marsh & Niemeyer (2018) use a factor
C (taken to be 0.3 inside the core) to take into account the
effect of attenuated amplitudes of fluctuations due to core
oscillations, and thus extend the constraint to smaller FDM
masses for which the cluster lies inside the core. But as Fig. 2
(upper panel) shows, the fluctuations close to the core also
have much longer correlation times. This may invalidate the
random Gaussian assumption for the fluctuations and the
associated stochastic dynamics with a diffusion limit for the
timescales of interest. It may, in principle, nevertheless be
also argued that fluctuations from FDM granules outside
the core can still affect the evolution of a cluster embedded
inside it, and thus be used to constrain m. However another
caveat hinders direct extensions of the exclusion limit to
small masses.
Namely, for masses greater than m = 1.6×10−19eV, the
minimal wavelength associated with the size of the FDM
quasi-particle granules is larger than the initial estimated
characteristic cluster size: λmin ≤ 2pc. For m ≈ 10−20eV
it is an order of magnitude larger. It is therefore unclear
whether it is appropriate to assume that the associated fluc-
tuations (or core oscillations) affect the internal structure of
the cluster, as assumed above, rather than the cluster as a
whole. If the latter situation is assumed, then for meff M?
one may expect energy equipartition between FDM quasi-
particles and the cluster to result in significant motion of its
centre of mass.
For example, for m = 10−20eV, meff = 1.8×104 M 
M?, which is an order of magnitude larger than the total
cluster mass. The cluster should then gains random motion
as a result of its embedding in the FDM ’heat bath’. In-
deed, in that case, naive application of Eq. (62) leads one
to deduce that the cluster gains a random velocity of order
〈(∆vc)2〉1/2 = 24 km/s, which should displace it well outside
the centre of the galaxy.
Such arguments, based on the cluster’s displacement
form the centre of the galaxy, may thus in principle rule
smaller out FDM axion masses, replacing the ones based on
the cluster’s expansion. However, detailed examination of
such issues, including the more complex intermediate mass
case, are beyond the scope of this work.
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